Introduction
Recently, means has been the subject of intensive research. In particular, many remarkable inequalities for the Seiffert, logarithmic, and Heronian mean can be found in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . In the paper [1] , authors proved the following optimal inequalities:
Let > 0, > 0, ̸ = then ( , ) < ( , ) < ( , ) for ≥ − 2, ≤ 1, = − 2, = 1 are the best constants.
( , ) < ( , ) < ( , ) for = +∞, ≤ 4, = +∞, = 4 are the best constants.
(1) ( , ) is the first Seiffert mean, which was introduced by Seiffert in [9] ( , ) = − 4 arctan (√ / ) − = − 2 arcsin (( − ) / ( + ))
for , > 0, ̸ = .
(2)
In [9] , Seiffert proved that ( , ) < ( , ) < ( , ), where ( , ) is the identric mean
( , ) is the logarithmic mean
( , ) is the weighted geometric mean
( , ) is the weighted generalized Heronian mean introduced by Janous [7] ( , ) = + √ + + 2 for 0 ≤ < +∞ = √ for = +∞.
It is well known, that ( , ) is a strictly decreasing continuous function of the argument . From this and from results 2 Abstract and Applied Analysis of [1] , it is natural to assume that there exist optimal functions ( ), ( ), 0 ≤ ≤ 1 such that
The purpose of this paper is to find the optimal functions. For some other details about means, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and the related references cited there in.
Main Results
The main result of this paper is the following theorem.
where = ( ) = +∞, ( ) = 2(2 − )/(1 + ) are the best possible functions.
Proof. First, we prove the left inequality of (8) . The inequalities (1) imply that
From lim → 0 + ( , ) = +∞ for ∈ (0, 1) (see (14)) we obtain that ( ) = +∞ is the optimal function. Without loss of generality, we assume that 0 < < . Let = √ / ; then 0 < < 1. The right inequality of (8) can be rewritten as 1 ( , ) 1
for , > 0, ̸ = , 0 < < 1.
(10)
Simple computations lead to
Then the inequality (11) is equivalent to
Denote
From (1) = 0 and ( ) = (2 − 4 + 2 2 )/( + 3 ) > 0 we have ( ) < 0 for ∈ (0, 1). It implies (( − 4 arctan )/(−2 ln )) < 1.From V(1) = 0, V (1) = 0, V ( ) = 2 − 2/ < 0 we obtain V ( ) > 0 and so V( ) < 0. It implies that ( , ) > 0 for , ∈ (0, 1). This leads to
If we show ( , ) < 0 for , ∈ (0, 1), then ( ) = lim → 1 − ( , ) will be the best function in (8) . Simple computations lead to ( , ) < 0 which is equivalent to
Using the inequality < 1 − (1 − ) for , ∈ (0, 1) it suffices to show that
It will be done, if we show ( , 0) < 0 and ( , 1) < 0. It follows from ( , ) being a linear continuous function in the argument
is equivalent to
From (1) = 0 it suffices to show that ( ) > 0 which is equivalent to
It follows from V(1) = 0 and
where
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The inequality (21) is equivalent to
So, it suffices to show that
It is easy to see that 
Because of ( ) > 1 ( ) = − + 4 arctan
it suffices to prove 1 ( ) > 0 for 0 < < 1. (1 + )
arctan( ) > − 3 /3, for ∈ (0, 1), 2 (1) = 0 we have done it, if we show (1 + ) 
The inequality 2 ( ) < 0 is equivalent to 
The inequality 3 ( ) > 0 is equivalent to ℎ ( ) = 16 − 5 + (29 − 10 ) + 2 (25 − 5 ) In what follows, we find the representation of the function ( ).
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It is easy to see that
Equation (36) can be rewritten as 
where ( ) is a suitable function. Denote ( , ) = ( , ) ( , ). Then 
The proof is complete.
